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ABSTRACT
By using the mapping having the mixed monotone property, we have proved a tripled fixed point theorem in partially
ordered metric space.
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INTRODUCTION AND PRELIMINARIES
Ran and Reurings [1] firstly discussed the existence and uniqueness of fixed point for contraction type
mappings in 2004. Agarwal et al [5], Bhaskar and Lakshmikantham [6], Lakshmikantham and Ciric [8],
Nieto and Lopez [3], and Berinde and Borcut [7] proved some famous and well known results for the
existence of a fixed point in partially ordered metric space. In 1987,Guo and Lakshmikantham[2] reported
with the notion of coupled fixed point. Bhaskar and Lakshmikantham [6] reconsidered the concept of
coupled fixed point in partially ordered metric space in 2006.The notion of tripled fixed point was
introduced by Berinde and Borcut [7] They proved some tripled and n-tupled fixed point theorems and
discussed the existence and uniqueness of solutions under different conditions.
In this paper, we have derived a new tripled fixed point theorem for mapping having the mixed monotone
property in partially ordered metric space .
Definition 1.1. A partially ordered set is a set X with a binary operation < denoted by
(X, <) suchthatforall p,q,r € X

)] p < p (reflexivity)

(ii) p < qandq < p=p = q (anti-symmetry)

(iii) p < qand q < r=p < r (transitivity).
Definition 1.2. A sequence (x,,) in a metric space (X, d) is said to converge to
a point x € X denoted by lim,,_,,, x,, = x if lim,,_,,, d(x,,x) = 0.
Definition 1.3. A sequence (x,) in a metric space (X, d) is said to be Cauchy Sequence

iflim, o d(x,, x,,) =0 foralln,m >t.

Definition 1.4. A metric space (X, d) is complete if every Cauchy sequence in X is convergent.
Definition 1.5. [7] Let X be a non-empty set and F: X3 — X be a map. An element
(x,y,z) € X3 is called a tripled fixed point of F if F(x,y,z) =x, F(y,x,y) =y, F(z,y,x) = z.
Definition 1.6. [7] Let(X, <)be a partially ordered set and F: X3 — X. The mappingF is
said to have mixed monotone property if F(x,y, z) is monotone non-decreasing in x
and z and is monotone non-increasing in y thatis forx,y, z € X,

X1 X, €EX, % S X =>F(x1,y,2) S F(x3,,2),

V1,2 €EX, 71 S ¥, = F(x,y1,2) 2 F(x,y,,2),

212 €X,2) S 2, > F(x,y,2,) < F(x,Y,2,).

MAIN RESULT
Theorem 2.1. Let(X, <) be a partially ordered complete metric space. Let F: X3 - X be a continuous
mapping having the mixed monotone property on X. Assume that there exists a f € [0,1) with

d(F(x,y,2), F(u,v,w))
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d(x,F(x,y,2)d(wFuvw)) d(uwF(xyz))d(xFwow))
d(x,u) ! d(x,u)

Ld(x, u)} (2.1.1)
forallx >u,y<vandz=>w,
and if there exist points x,, o, 2o € X withxy < F(xg,V0,20), Yo = F VX0, Vo), Zo < F (2o, Vo, X0)

Sﬁmax{

then F has a tripled fixed point in X3.

RemarKk: If we have F: X? - X then our theorem reduces to theorem (3.1) of Ramakant Bhardwaj [4].
Proof: Letx,,y, 2z, € X with

xo < F(x0,Y0,20), Y0 = F (Yo, %0,¥0), 2o < F(20,¥0,%0)- (2.1.2)
Define the sequence (x,,), (3,,) and (z,,) in X such that

Xn+1 = F(xn'ynﬂzn)

Yne1 = F(yn'xn'yn)

Zps1 = F(z,,y,,%,) foralln =0,1,2 -+ (2.1.3)
We claim that (x,,), (z,,) are non- decreasing and (y,,) is non-increasing, that is,
xn < xn+1' yn = yn+1' Zn < Zn+1 . (214)

From (2.1.2) and (2.1.3), we have
Xo < F(X0,Y0,20), Yo = F(Y0,%0,Y0), Zo < F(20,¥0,%0),
Xy = F(x0,Y020), Y1 = F(yo,%0,¥0), 21 = F (2o, Y0, Xo).
= X< X1, Yo=YV, Zo =< Z4.
That isoequa%iono(z.l.i) holds for n=0.
Now suppose that equation (2.1.4) holds for some n, that is,
xn S xn+1' yn 2 yn+1' Zn S Zn+1 .
We shall prove that equation (2.1.4) is true for n+1.
NOW xn S xn+1' yn 2 yn+1' Zn S Zn+1 .
Then by mixed monotone property of F, we have
xn+2 = F(xn+1'yn+lﬂzn+1) 2 F(xn'yn+lﬂzn+1)

2 F(xn'ynﬂzn+1) 2 F(xn,yn,zn) = Xn+1,
yn+2 = F(yn+1'xn+1'yn+1) S F(yn'xn+1'yn+1)

S F(yn'xn'yn+1) S F(Yn'xn'yn) = yn+ll
Zn+2 = F(Zn+1'yn+1'xn+1) 2 F(Zn'yn+1'xn+1)

= F(Zn'yn'xn+1) = F(Znﬂyn'xn) = Zny1
Thus by mathematical induction principle, equation (2.1.4) holds forall n € N .

So Xog <X SXp < S Xy S Xpyq o
YoZY12Y2 2 " ZYn 2 Vn41
202y S Zy S v S Zp S Zpyg

Nowasx, = X,_1,¥n < Yn_1,Zy = Z,_4 S0 from (2.1.1), we have

d(F(xn'Yn'Zn)’ F(xn—lﬂyn—lﬂzn—l))

< B max {d(xan(xn'yn'Zn))d(xn—lrF(xn—llyn—lr Zn—1)) d(xn—lnF(xn'yn'Zn))d(xn'F(xn—llyn—lr Zn—1) d(x X )}
N d(xn,xnfl) ' d(xn,xnfl) ' mon
= d(Xp41, %) < fmax {d(xp, Xp41), 0, d (X, X, 1)}

If we take max {d(x,,, X;4+1), 0, d(x,,, x,_1)} equal to d (>, 1, X,,) ,

then d(x,41,%,) < B d(x,41,%,), which is a contradiction to the hypothesis.

:d(xn'xn+1) <p d(xn'xn—l) : (215)
Again, since x,, = x,,_1, ¥V, < y,_1 so from(2.1.1), we have

d(F(yn—lﬂxn—lﬂyn—l)’F(yn'xnﬂyn))

< ﬁmax {d(ynfllF(ynfll xnfl'ynfl))d(ynlF(ynlxnlyn)) d(yan(ynfll xnfll ynfl))d(ynfllF(ynlxn'yn) d(y y )}
= d (Y, Yn-1) ’ d (Y Yn-1) T

= dWVn+1, V) < B max{d(Vns1,Yn), 0,d (Y, Y1)}

If we take max {d (Y11, Yn), 0, d(Vn, Y1)} equal to d (Y41, ¥n)

then d(Vy, 41, Vn) < B d(¥n41, Vo), Which is again a contradiction to the hypothesis.

= AV Yns1) < B AWny Yn-1)- (2.1.6)
Similarly d(z,, z,4+1) < B d(z,,, Zn—1)- 2.1.7)
Adding (2.1.5), (2.1.6) and (2.1.7), we get

d(xn+1'xn) + d(Yn+1'yn) + d(zn+1'Zn)
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< Bld(xn, xp-1) + d(Yn, Y1) + d(2y, 2,1 )} where B < 1. (2.1.8)
Let us denote the left hand side of (2.1.8) by d,, and use similar notation for right hand side of (2.1.8).
then d, < fd,,_;.

Similarly we can derive d,,_; < fd,,_, and so on.

Wegetd, < pBd,_, < p%d,_, < - < B"d,. (2.1.9)

= limn—wo dn = 1imn—>w{d(xn+1'xn) + d(Yn+1'yn) + d(zn+1'Zn)} = 0.
= lim;, ¢, d(xn+1'xn) =lim, d(yn+1' yn) =lim, d(Zn+1,Zn) =0-
For eachm > n, we have
d(xm'xn) = d(xn'xn+1) + d(xn+1'xn+2) +-t d(xm—lﬂxm)'
d(ym'yn) < d(Yn'yn+1) + d(yn+1'yn+2) +-t d(ym—lﬂym)l
d(Zm,Zn) < d(Zn,Zn+1) + d(zn+1'Zn+2) +-t d(zm—lﬂzm)'
By adding we get,
d(xm'xn) + d(Ym'yn) + d(Zm,Zn) < dn + dn+1 + - dm—l < (ﬁn + ﬁn+1 + o+ ﬁm_l)do
<L 4,

limn—wo{d(xmﬂxn) + d(Ym'Yn) + d(Zm,Zn)} = 0.
Hence (x,,), (v,), (z,,) are Cauchy sequences in X.
Since X is a complete metric space, there exists x,y, z € X such that
lim, X, =x, lim,,,y,=y, lim,,,2z,=2.
Thus by taking limits as n—c0 in equation (2.1.3) we get
X = limn—wo Xn = limn—»oo F(xn—lﬂ yn—lﬂzn—l)
= F(limn—wo Xn—1 1imn—>oo yn—lﬂlimn—wo Zn—l) = F(x' Y, Z)'
y= 1irnn—>o<> Yn = 1imn—>oo F(yn—lﬂxn—lﬂyn—l)
= F(limn—wo Vn-1, 1imn—>oo Xn—1» 1irnn—n)o yn—l) = F(y' X, y)'
zZ = 1imn—>oo Zn = limn—wo F(Zn—lﬂ yn—lﬂxn—l)
= F(limn—wo Zn—lﬂlimn—wo yn—lﬂlimn—wo xn—l) = F(Z' Y, X).
Hence F(x,y,z) =x, F(y,x,y) =y, F(z,y,x) =z.
Hence F has a tripled fixed point.
Theorem 2.2. Let(X, d, <) be a partially ordered complete metric space. Let F: X3 — X be a continuous
mapping having the mixed monotone property on X. Assume that there exists a f € [0,1) with
d(F(x, v,z),F(u,v, w)) < Bmax{d(u, F(x,y,z),d(x, F(u,v,w)}
forallx Zu,y <vandz=w (%)
and if there exist points x, ¥o,z, € X with x, < F(x4,¥0,20), Yo = F Vo, %0, Vo) Zo < F (24, Vo, X0)
then F has a tripled fixed point in X3.

Remark: If we haveF: X2 — X then our theorem reduces to theorem (3.2) of Ramakant Bhardwaj [4].
Proof. Letxg, v, 2z, € X with

xo < F(x0,Y0,20), Yo = F(¥0,%0,¥0), Zo < F (20,0, %0) (2.2.1)
Define the sequence (x,,), (¥,) and (z,) in X such that

Xn+1 = F(xn'ynﬂzn)’

Yne1 = F(yn'xn'yn)l

Zpy1 = F(zy, v, x,) foralln =0,1,2 - (2.2.2)
We claim that (x,,), (z,,) are non- decreasing and (y,,) is non-increasing, that is,
xn < xn+1' yn = yn+1' Zn < Zn+1 . (223)

From (2.2.1) and (2.2.2), we have
Xo < F(X0,Y020) Yo = F(Y0,%0,Y0), Zo < F(20,¥0,%0),
X1 = F(xo'YO,Zo)' V1= F0,%0,Y0)» 21 = F (29, Y0, X0)-
= X< X1, Yo=V1, Zo S Zy’
That is equation (2.2.3) holds for n=0.
Now suppose that equation (2.2.3) holds for some n, that is
xn S xn+1' yn 2 yn+1' Zn S Zn+1 .
We shall prove that equation (2.2.3) is true for n+1
NOW xn S xn+1' yn 2 yn+1' Zn S Zn+1'
Then by mixed monotone property of F, we have
xn+2 = F(xn+1'yn+lﬂzn+1) 2 F(xn'yn+lﬂzn+1)

2 F(xn'ynﬂzn+1) 2 F(xn,yn,zn) = Xn+1,
yn+2 = F(yn+1'xn+1'yn+1) S F(yn'xn+1'yn+1)
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< F(yn'xn'yn+1) < F(Yn'xn'yn) = Yn+1s
Zny2 = F(Zn+1'yn+1'xn+1) = F(Zn'yn+1'xn+1)
= F(Zn'yn'xn+1) = F(Znﬂyn'xn) = Zny1
Thus by mathematical induction principle equation (2.2.3) holds forall n € N

So Xog <X SX; < S Xy S Xpyq o
Yo2Y12YV22 " ZVn 2 Y1
20212, S o SZp, S Zpyq

Now x,, = X1, Vn < Yn_1,Zn = Zn_4 SO from (*), we have

A(F (%, Yn, 2n), F (Xn—1, Yn-1,Zn—1) < B max{d(xn_1, F (%, ¥n, 21)), d(xn, F (Xp-1, Yn-1,Zn-1))},
d(xny1, %) < B max {d(xp_q, Xp41), 0}

This implies, d(x,,,1,x,,) < 1%3 d(xp, Xpn_1) (2.2.4)
Now x,, = X;,_1,Yn < Yn_1 S0 from (*), we have,

A(F (Yn-1, Xn-1, V-1, F Oy X, ¥n) < B max{d(y, F (Y1, Xn-1, Yn-1))s dWn-1, F O X0, Y )}
Ad(Yns1,Yn) < B max {0,d(Yn_1, Yn+1)}:

This implies, d(Vn11,%) < 175 A0 Yn-1) (22.5)
Similarly, since z,,_; < Z,,, Yn_1 = Vi, Xneq1 < X,
d(Zns1,20) < 15 A2 20-1). (22.6)

Adding(2.2.4), (2.2.5) and (2.2.6) ,we get,

d(xn+1'xn) + d(yn+1'yn) + d(Zn+1,Zn)

< hMd(xp, xp—q) + AWV, Y1) + d(z,, 2,_1)} where h = % <1 (2.2.7)
Let d(x,41,%5) + AWVps1, Yn) + d(Z141, Z,) = @, then (2.2.7) becomes

a, < ha,_;.

Similarly we can derive a,_; < ha,_, and so on.

We geta, < ha,_; < h?a,_, < - < h"q, . (2.2.8)

= limn—wo an = 1imn—>w{d(xn+1'xn) + d(Yn+1'Yn) + d(Zn+1,Zn)} =0
= limn—wo d(xn+1'xn) = 1imn—>oo d(yn+1' yn) = 1irnn—n)o d(Zn+1,Zn) =0
For eachm > n, we have
d(xm'xn) < d(xn'xn+1) + d(xn+1ﬂxn+2) +-t d(xm—lﬂxm)'
d(ym'yn) < d(yn'yn+1) + d(yn+1'yn+2) +-t d(ym—lﬂym)l
d(Zm,Zn) < d(Zn,Zn+1) + d(Zn+1,Zn+2) +-t d(zm—lﬂzm)'
By adding we get
A, %) + AW, V) + (2, 2,) S A+ Qg + - Appq < (A + AV 4+ oo + A ),

< —a,.
—1-p 0

lim,, oo {d (Xm, X,) + A, Y0) + d (2, 2,)} = 0
Hence (x,,), (,,), (z,,) are Cauchy sequences in X.
Since X is a complete metric space, there exists x,y., z € X such that
lim, o x, =x, lim, ,,y,=y, lim, .z, =2z
Thus by taking limits as n—c0 in equations (2.2.2) we get
X = limn—wo Xn = limn—wo F(xn—lﬂ V-1 Zn—l)
= F(limn—wo xn—lﬂ 1imn—>oo yn—lﬂlimn—wo Zn—l) = F(x' y' Z) ’
y = 1irnn—>o<> yn = 1imn—>oo F(yn—lﬂ xn—lﬂ yn—l)
= F(limn—wo yn—lﬂ limn—»oo xn—lﬂ 1irnn—wo yn—l) = F(y' X, y)f
Z = 1imn—>oo Zn = 1irnn—wo F(Zn—lﬂ yn—lﬂxn—l)
= F(lim,_ e Z,_1, im0 Yp_1, im0 X 1) = F(2,¥,%),
Hence F(x,y,z) =x, F(yv,x,y) =y, F(z,y,x) = z.
Hence F has a tripled fixed point.
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