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INTRODUCTION

The study of second order duality is significant due to the computational advantages over the first order
duality, as it provides tighter bounds for the value of the objective function, when approximations are
used [8,10,12]. Mangarsarian [10] considered a nonlinear program and discussed second order duality
using certain inequalities. Mond [12] introduced the concept of second order convex function, which was
named as bonvex function by Bector and Chandra [3]. Husain et al. [9] discussed second order duality
results for non linear programs using Fritz John necessary conditions. Yang et al. [15] pointed out some
inconsistencies in the statement and proof of the converse duality theorem given in [9].

Zhang and Mond [16] introduced second other (F, p)-convex functions and established duality theorems
for second order Mangasarian, Mond-Weir and general Mond-Weir type vector duals. In [11], Mishra
obtained weak and strong duality theorems for second order Mond-Weir type multiobjective dual
involving generalized type I functions. Yang et al. [14] proposed a general Mond-Weir type dual for a class
of nondifferentiable multiobjective program, in which each component of the objective function contains
support function and derived a weak duality theorem under generalized convexity. Aghezza [1]
formulated a second order mixed type dual and established various duality results with new class of
second order generalized (F, p)-convex functions. Hachimi and Aghezzaf [7] established duality results for
mixed type vector dual involving a new class of second order type I functions. Recently, Ahmad and
Husain [2] introduced a class of second order (F, ¢ p, d)-convex functions and their generalizations, and
established weak, strong and strict converse duality results for Mond-Weir type multiobjective dual.

The present paper is concerned with the following nondifferentiable multiobjective programming
problem:

(P)  Minimize | f,(x)+(x'B,x)2, f,(x) + (x'B,X)?,..., f,(x) + (x'B,x)?

Subjectto xe S ={xe X :g(x) <0},

where X is an open subset of R”, fi: X — R, i € Kand g : X — R™ are twice differentiable functions and B; i €
Kis an n x n positive semidefinite symmetric matrix.
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In this paper, we formulate a second order Mond-Weir type dual for (P) and prove weak, strong, converse
and strict converse duality theorems under second order generalized convexity assumptions. This work
extends an earlier work of [2] and the references cited therein.

2. Notations and preliminaries

Throughout the paper, the following notations for vectors x,y € R" will be used:
x2yifandonlyifx;>y;,i=12, .., n;
x>yifand only if x>y and x = y;
x>yifandonlyifx;>y;,i=1,2, .., n.

Let K={1,2,..., k} and for each fixed r € K, K, = K - {r}.

Consider the following vector minimum problem:
(VMP) Minimize f{x) = [f1(x), f2(X), ..., fu(x)]
subjecttox € S,
where f: X - Rkand X < R

Definition 1. A point X € S is said to be an efficient solution of (VMP), if there exits no other x € S such
that

fi)=fi(x),iek,
and

f.(0)<f.(%)rek.

Definition 2. A point X € S is said to be a weakly efficient solution of (VMP), there exits no other x € S
with

f(x0)< fi(®iek,

Definition 3 [5]. An efficient solution x of (VMP) is said to be properly efficient, if there exists a scalar N
> 0 such thatforeachr e K, f (x) <f- (X )andx € S,

LE-1
S0 = f,(x) —
for at least one i € K- such that f; (x ) < fi (x).

Definition 4. A function ' : X x X X R" > R is said to be sublinear in its third component, if for all x,
X X

U] F(x, X;C1+C) SF(x X;81) +F(x X ;&) forall ¢y, G2 € Ry,
(ii) F(x, X ; ft1) = fF(x, X ; (1) forall fe R, >0, and for all {; € R
In the sequel, we require the following definitions [2].

Let F be sublinear, the function f= (f;, f5,..., fi): X > Rkbe differentiable at X € X and let p = (o1, o2, ..., &)
€ Rk,
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Definition 5. A twice differentiable function f; over X is said to be second order (F, ¢ p, d)-convex at X on
X, if for all x € X, there exist a vector p € R, a real valued function o: X x X = R, \ {0}, a real valued
function d (.,.): X X X > R and a real number p; such that

Ji() = fi(X) + %ptvzf,-(f)sz(x, Xa(x, D VA(E) + V(D) p}) + pd* (x,%).

If the above inequality is strict, then f; is said to be strictly second order (F, ¢, p, d)-convex at X on X.

A vector valued function f = (f;, f5,..., fi): X — R¥is (strictly) second order (F, ¢ p;, d)-convex at X on X, if
each of its components f; is (strictly) second order (F, &, o, d)-convex at X on X.

Definition 6. A twice differentiable function f; over X is said to be second order (F, o, p;, d)-pseudoconvex
at X on X, if for all x € X, there exist a vector p € Ry, a real valued function o X x X = R, \ {0}, a real

valued function d(,.): X X X > R and a real number p, such that

F,%a(601{VA@) + VI (F)p)) 2 - pd? (x6,5)= f,(x) 2 fi(F) —%p’vzﬁ(f)p,
or equivalently,

Ji(x) < f(X) —%ptvzﬁ(f)p = F(x,%;a(x, V(X)) + V2 £,(X)p}) < —p,d* (x,X).

Definition 7. A twice differentiable function f; over X is said to be strictly second order (F, o p, d)-
pseudoconvex at X on X, if for all x € X, there exist a vector p € Rn, a real valued function o

X x X+ R, \{0},areal valued function d(...): X x X > R and a real number p; such that

F(,%a(x, X 1{VA@) + V2 L(R)p)) 2 = pd? (x,%)= f,(x) > f,(X) —%ptvzf,-(f)p,
or equivalently,
fi(x) £ f:(%) —%p’vzf,-(f)p = F(x,%;a(6, ){VA(X) +V f,(X)p}) < —p,d* (x,X).

A vector valued function f = (fj, f2,..., fc): X — Rkis (strictly) second order (F, o, p;, d)-psedoconvex at X on
X, if each of its components f; is (strictly) second order (F, ¢, p, d)-pseudoconvex at X on X.

Definition 8. A twice differentiable function f; over X is said to be second order (F, ¢, p, d)-quasiconvex at
X on X, if for all x € X, there exist a vector p € Rv, a real valued function o: X X X > R, \ {0}, a real

valued function d(.,.): X X X > R and a real number p; such that

fi(x) £ f;(x) —%p'vzf,-(f)p = F(x,%;0(x,X){Vf,(X) +V £,(F)p}) £ - p,d’ (x,5),
or equivalently,

F(x,%;a(x,X){V,(X)+V? [,(X)p}) > - p,d* (x,X)= [,(x) > f,(X) —%pfvzf,-(f)p.
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A vector valued function f= (f;, f2,..., fc): X — R¥is second order (F, & p, d)-quasiconvex at X on X, if each
of its components f; is second order (F, o, p, d)-quasiconvex at X on X.

An example of second order (F, o, p, d)-convex function is given by Ahmad and Husain [2] but they did
not provide the examples of second order (F, ¢, o, d)-pseudoconvex functions and second order (F, ¢, p;
d)-quasiconvex functions. The examples of such functions are given below.

Example 1. Define a function f: X > R, where X={x e R| x> 1} by f(x) =x3+4xand F: X xX xR > Rby F
_ I _ _ _ _
(x X;a)= a(—+xj,distance functiond (x, X)=x—-X,p=-4,0< p<oo, and a(x, X)=x2+1.fis
X

second order (F, a, p, d)-pseudoconvex function at X = 1, but not second order (F, &, p d)-convex. Also,
when a(x, X) =1, then fis not second order (F, p)-pseudoconvex.

Example 2. Define a function f: X > R, where X={x e R| x> 1} by f(x) =—x3+x2and F: X xX xR - Rby F
(x, X; a) =a (x + X), distance functiond (x, X)= x—X,p=2,0< p<oo, and a(x, X)=x—- X + 1.
Then fis second order (F, o, p, d)-quasiconvex at X = 1, but not second order (F, & p d)-convex. Also,
when a(x, X) =1, then fis not second order (F, p)-quasiconvex.

The following theorem [13] will be needed in the sequel:

Theorem 1. Let X be a properly efficient solution of (P) at which a constraint qualification is satisfied.
Then there exist 1 e Rk u € Rm, v, € R, i € Ksuch that

Y A(Vfi(X)+By,) + Vir'g(x) =0,

ieK

u'g(x)=0,

1

(X'BX)> =x'Bv,icK,

1

V/IBv, <1, iek,
A>0,> A =1,u20
ieK
3. Second Order duality

In this section, we formulate the following Mond-Weir type dual associated to (P) and discuss duality
results.

t 1 t t 1 t
(MD)  Maximize (fl ) +y' By = p V2 (D) Psees [ () + Y By, Y4 Vi, (y)pj

Subjectto A (Vf,(1)+V? f;,(»)p+Bv,)+Vu'g(y)+Vu'g(y)p=0, (1)

ieK
t 1 t t
u g(y)—ap Viu'g(y)p20, (2

viBv, <1, ieK, (3)
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Let B, =0, 7 € K . Then (MD) becomes the second order Mond-Weir type dual obtained

by Zhang and Mond [16] with the addition of Z/ll. =1.1If, in addition, p = 0, then the dual (MD) reduces

ieK

to the first order Mond-Weir type dual considerd in [6].

Let G and H denote the sets of all feasible solutions of (P) and (MD) respectively.

Theorem 2 (Weak Duality). Let x € G and (y, u, v1, vz, ..., Vi, A, p) € H. if

(D

(i)

(iii)

and

Z/ll. (f;()+ () B,v,) is second order (F, &, p, d)-pseudoconvex at y;

u'g(.) is second order (F, a;, p1, d)-quasiconvex at y; and

pl 0

+
a(x,y) a(x,y)

1\

Then the following cannot hold:

1
£+ (Bx)? < £ (»)+y'By, —%p’vzm)p, ek, (53)

1

t 5 t 1 ¢
S D+EBX)? < [N+ By~ p VifE.(vp.rek,, (5b)

Proof. For every x € G and (y, u, v1, V2, ..., Vi, A, p) € H,

t t l t t
u'g(x) £ 0 < u'g(y)=7p Viu'g(y)p,

which by the virtue of hypothesis (ii) implies

Floy; aulxy) (V2urgly) + V2utg(y)p)) < —p1d? (xy).

As au(x, y) > 0, it follows that

F oy Vugy) + Vugp) € —L—d? (x, y).

al (xay)

The sublinearity of F along with (1) and (6), yields

0=F(x,3; 0. A(V,(0+V f.(y)p+ By,) +Vu'g(y)+Vu'g(y) p)

ieK

< F(x,y; 2 ANVLO)+ V(0 p + Bv) + F(x,y;Vu'g(y) + V' g(y) p)

ieK
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< F(x, 0 Y 4V + V() p + By,) ——E—d* (x, ),

1ok a,(x,y)
or Fx, 03 AV + V2 () p+By)) 2 —P—d(x,),
Py a,(x,y)

which by hypothesis (iii) gives

Fx,0; Y A (VL) + V2 £,(0)p+B,)) 2 ——L—d?(x, ).
ieK a ()C, J/)

On using hypothesis (i) we, obtain

1
24D+ Bv) 2 2 A (S () + ' By, == 'V f,(1)p). )
iek ieK
Now let x" = Bil/zx,iEK and vi*=Bil/2vi,i€K. From Schwartz inequality and

ES

v'v. =v.!Bv.<liek,
ot * * * * 1/2
X' By, =x"v, <|x [lv; [E]x [|=(x" Bix) (8)

The equations (7) and (8) imply that

S A+ BN 2 AL+ By, - pV f(0) ©)

ieK ieK

Suppose to the contrary that (5a) and (5b) hold, i.e,,

[IA

1
t 5 t 1 t .
[+ 'Bx)? < fi)+Y'By,~—p Vi(p, i€k,

and

A

LO+GEX < L)+ BY, =2 VS 0Ip, rek.

Since A > 0, therefore

S AL+ BT A+ By, =2 PV L0

iek iekK
which is a contradiction to (9).

Theorem 3 (Strong Duality). Let X be a properly efficient solution of (P) at which a constraint
qualification is satisfied. Then there exists /T e Rk, u e Rm \7l € R, i € K and p € R" such that
(X, u, v, VetV ,/7_.,[7 = 0) € H and the objective function values of (P) and (MD) are equal. Also, if

the hypotheses of weak duality (Theorem 2) hold, then (X, u, v,, \72,...,17k,/7_.,[7 =0) is a properly
efficient solution of (MD).
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Proof. Since X is a properly efficient solution of (P) at which a constraint qualification is satisfied, by

Theorem 1, there exist A € Rk, u < Rm, \71 e R, | e Ksuch that

> A(Vf(X) + Bv,) + Vit g(¥) =0,

ieK

u'g(x)=0,

Thus (X, U, V|, V,,...,V, ,/T,f? =0) € H and the objective function values of (P) and (MD) are equal.

Now we first show that (X, u, V;, V,,...,V, ,/T, p = 0) is an efficient solution of (MD). For this, assume

that it is not efficient. Then there exists a feasible solution (y*, u*, vi*, v2', ..., ¥, 47, p*) such that
* *y * 1 *y 2 * * — —t — .
L,y )+x By, —Ep Vfy)p =2 f,(X)+Xx'By, ieK,,
and

fr(y*)+x*’Brv*r—%p*fvzjs(y*)p* > [(D)+¥B7, rek.

1
Using (x'B,X)?> =Xx'B,v,, i € K in the above inequalities, we get

1
~ * * * 1 * * *
fi(X)+(X'BX)> £ f,(y)+x"By, —P V()P i€k,
and
L 1
[,(®)+('Bx)? < fr(;v*)+x*tBrv:—Ep*tvzf,(y*)p*, rek,

Which contradicts weak duality (Theorem 2). Hence (X, u, Vv, 172,...,\7k,/7_,,ﬁ=0) is an efficient

solution of (MD). Assume now that it is not properly efficient. Then there exists a feasible solution (y*, u*,
v, v, ., i, AN, p*) and an r € K such that

1\

* *t * 1 *t * * — p— p—
£ (y)+x"Bv, —5p Ve )P f.(X)+Xx'B,v,

and

074X B Y, =2 p™VE () 1= [+ F'B,7]
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— — — * * * 1 * * *
>M [[ﬁ(X)+xtBivi]—[ﬁ(y )+x By, 5P VLGP ]},
forall M > 0 and all i € K; satisfying

* *. * 1 * * *
fi(x)_‘_ftBiVi >fi(y )+x tBivi _Ep tvzfi(y )p .

1

Againby (x'B,x)? =Xx'B,v,, i€ K, wehave

A
1

074X B Y, =2 p VAL ()P 1=+ (B

1

> M| £+ BD) -1 () +x" By, —%p*fvzfl-(y*)p*] .

This means that [ £, (y ) +x"B,v, —%p*’vzfr (y*)p*]—[fr()_c)+()_ctBr)?)E], r € K can be made

1
arbitrary large, whereas [ f,(X) + (X' B,X)2]-[f,(» ) +x"B,v; —%p*tvzfi(y*)p*] is finite for all

i € K. Therefore,

1
F®+(FBR? < () +x By —%p*fvzm*)p*, ek,

and

1

— —t —N " * *f * 1 *f * *
[ (X)+(xX'BX)? < f.(y )+x Brvr—zp VE(O)p', rek,

again a contradiction to weak duality (Theorem 2). Hence (X, u, V,, V,,...,v,,A4, p =0) is a properly
efficient solution of (MD).

Theorem 4 (Converse Duality). Let (y, u, v,, \72,...,\7,{,2,[_) =0) be a weakly efficient solution of
(MD). Assume that

(i) either (a) then n x n Hessian matrix V> (i’ g(3)) is a positive definite and p'Vu'g(y) >0

or, (b) the n x n Hessian matrix V> (i’ g(7)) is a negative definite and p'Viu' g(¥) < 0.
(i) the vectors V£, () + szl. (¥)P+B,v,, i € K arelinearly independent vectors; and

(iii)  the vectors {[V’f, ()_/)]j,[VZb_llg()_/)]j ;1€ K, j=1,2,...,n}are linearly independent, where
[szl.()‘;)]j is the j-th row of V* £,(¥) and [V2L_ttg(f)]j is the j-th row of V' g(¥).

Then Y is a properly efficient solution of (P) and the objective values of (P) and (MD) are equal.
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Proof. Since (y, u, v,, Vz,...,Vk,/T,ﬁ =0) is a weakly efficient solution of (MD), then by Firtz John
conditions [4], there exist @ € R, € R", y€ R, £ € R, 7 € Rkand J € R such that

1

> a [V, (7)) + By, ——p'V(V (P BTV A f,(F)

ieK 2 ieK

+V(VEY A, 1,(0p)+Vii'g(3)+V(Viu' g(3)p)]

ieK

o 1, e
+IVir'g(n) -5 p V(Vu'g(»)p)]=0, (10)
. — = - I =
-p [Vg(y)+Vzg(y)p]w[g(y)—gp Vg(y)pl+6 =0, (11)
a,y'B,—A,B'B, -2EBv. =0, ic K, (12)
_B[(Vfi(.)_/)-i_vzf;‘(y)ﬁ+Bz“_}z‘)+ni =0,ie K, (13)
(a5 +28) V2, (7)+ (B + BY Va'e(7)=0, (14)
ieK
— — 1 —t — —\—
v[utg(y)—gp Vzu’g(y)p} =0, (15)
elv'By, -1]=0, iek, (16)
n'A =0, (17)
d'u =0, (18)
(a, 7, &, 1m,8)20, (19)
(a, B, 7, &1, 0)%0, (20)
Equation (14) along with hypothesis (iii) implies
a,p+ =0 ickK (21)
and
v +B=0. (22)

Using (1), (21) and (22) in (10), we have
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M, ~ 22V £,3)+ V£ G)p + By, |- [v V22 1 (7)+ V' e ()l s

ieK

Y @n) VG- V) Vi epl 0. ey

zeK
Lety = 0. Then equation (22) yields B = 0 and equation (21) gives
a,p=0,iek.

Thus equation (23) reduces to

N a, |[Vf,(7) +V2/,(7)p + B, | =0,

ieK
which by hypothesis (ii) gives
a,=0,iek.
Also, equations (11) and (13) yield

0 =0 andT][ZO,iEK.

Now, equation (12) along with (16) imply i = (). Hence (o, B, v, & M, 8) = 0. A contradiction to (20).
Thereforey > 0.

In the similar way, one can obtain a; > 0, i € K, by exhibiting a contradiction.
On multiplying (11) by #' and then using (15) and (18), we get
p'(var'g(7) + V'ir'g (7)p) = 0.
which with (22) yields
v (Va'g (7) + V' g(7)p) = 0
or
pv('e(7)=-pv@s())p.

This contradicts hypothesis (i) for ﬁ #0. Therefore ﬁ = 0 and then by (21), we have BZ 0.
On using p =0 and B =0, equation (11) reduces to

Since & > 0 and ¥ > 0, we have

g(y)<o.
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Hence, )_/ is feasible for (P).

Also,B=0, ¢, >0, I € K and (12) give

_ 25 _
By= fBl.vl., ek, 24)

1

and hence
1 1
v By, = (#Byp (v By ) ick. 25)
If & > 0, then (16) implies \7;31.171. =1 and so (25) gives

1

¥Bv, =(¥Byp,iek.
Hence, in either case, we have

1

¥By, =(¥Byp,ic K. 26)

Therefore by (26) and p = 0, we get

1)+ (GBI = 1)+ B3-S PV LGP

Thus by weak duality (Theorem 2), )_/ is a properly efficient solution of (P).

Theorem 5 (Strict Converse Duality). Let X € G and (f, UV, Vy ooy Vi A ,[7) € H such that

S L) +xBy < ZE[ﬁ(ﬁ)W’B@ —%ﬁ’vzﬁ(y)ﬁ} (27)

iekK iekK

If ZXI lfl ()-l- ()t BI.VI.J is second order strictly (F, &, p, d)— pseudoconvex at y, and

iekK

I/Ttg(.) is second order ( F, @, p, d)— quasiconvexat ) with B — + pl — = 0.
(%) @ (%)

Then y = X.

Proof. We assume that ) # X and exhibit a contradiction. Since X and (y, UV, Vysoo Vy X, 5)
are feasible for (P) and (MD), we have

o I B
u'g(x)<o<u g (5)- 5P Vi'g(y)p.
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Using second order (F, o, Py d)— quasiconvexity of ﬁtg(.) at y, we get

F()_c, y; o, (%, ¥) (Vﬁ’ g+ Viu'g(y)p )é - pd* (%, ?))

whichby o, (¥, ¥) > 0 yields

F()?, y, V' (y)+Viu' g(y)p): —L)d (%, 7). (28)

(%, 7

The sublinearity of F and (1) imply

Since

0=F(E,57 2 4 (VL) +V f,(7)p+By,)+Vu'g(y)+Vu'g(¥)p)

ieK

SFEP Y. AN+ V2 f,()p+Byv,)+F(x,y:Vi'g(y)+ V' g(¥)p)
ieK

<FEBY LV +V (P +BV) -—D—d*(%,7),
ek a, (x,»)

P + P > (), we obtain

a(x,y) o (x,y) =

FEFZAVO+VSOP+BT) 2= o= d* @)

The second order strict (F, a, p, d)-pseudoconvexity of Z Z[f; ()+()'Bv,]at y gives

ieK

S A +FBR) > LA+ BT -2 PV LGP,

ieK iekK

a contradiction to (27). Hence y =X .
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